Abstract. Parabolic Higgs bundles can be described in terms of decorated swamps, which we studied in a recent paper. This description induces a notion of stability of parabolic Higgs bundles depending on a parameter, and we construct their moduli space inside the moduli space of decorated swamps. We then introduce asymptotic stability of decorated swamps in order to study the behavior of the stability condition as one parameter approaches infinity. The main result is the existence of a constant, such that stability with respect to parameters greater than this constant is equivalent to asymptotic stability. This implies boundedness of all decorated swamps which are semistable with respect to some parameter. Finally, we recover the usual stability condition of parabolic Higgs bundles as asymptotic stability.
Introduction
Let X be smooth projective curve over the complex numbers. By the famous theorem of Narasimhan-Seshadri stable vector bundles on X of degree zero correspond to irreducible unitary representations of the fundamental group π 1 (X) in GL(n, ) [8] . In order to describe all irreducible representations one needs to look at stable Higgs bundles, which Hitchin introduced in [3] . Their moduli space was then constructed by Nitsure [9] . If x 0 is a point of X, the irreducible unitary representations of π 1 (X \ {x 0 }) with a fixed monodromy are in one-to-one correspondence with the stable parabolic vector bundles on X, i.e., vector bundles with a weighted flag in the fiber over x 0 [6] . As a combination of these results, there is a bijection between all irreducible representations of π 1 (X \ {x 0 }) and stable parabolic Higgs bundles [15] . In order to be able to construct a compact moduli space, we consider the larger category of parabolic Hitchin pairs. This strategy is similar to the compactification of the moduli space of Higgs bundles (without parabolic structure) in [11] .
In a recent article we studied vector bundles with a general global and local decoration, which we called decorated swamps [1] . More precisely, we introduced a notion of stability, which depends on two positive rational parameters δ 1 and δ 2 , and constructed the moduli space of stable objects. In this paper, we show that parabolic Hitchin pairs can be realized as a subset of decorated swamps. In this way, they inherit a notion of δ 1 -stability.
As a first result we identify the moduli space of δ 1 -stable parabolic Hitchin pairs as a closed subscheme of the moduli space of (δ 1 , δ 2 )-stable decorated swamps. In Section 4 we introduce the notion of asymptotic δ 2 -stability for decorated swamps to study the limit δ 1 → ∞. As the main result of this paper we prove the existence of a constant ∆, such that asymptotic δ 2 -stability is equivalent to (δ 1 , δ 2 )-stability for all δ 1 ≥ ∆. An immediate consequence is the boundedness of the class of all decorated swamps which are (δ 1 , δ 2 )-semistable for any δ 1 . In Section 5 we are finally able to show that asymptotic stability reproduces the usual parameter free stability condition for parabolic Higgs bundles. Hence, the usual moduli space of stable 2.1. The Instability One-Parameter Subgroup. Let us remind the reader of some results regarding the instability one-parameter subgroup due to Kempf and Ramanan-Ramanathan.
Let ρ : G × X → X be the action of an affine reductive group G on a scheme X with a linearization in a line bundle L. Mumford introduced the notion of (semi-)stable points and proved that the good quotient (geometric quotient) of the open set of semistable (stable) points exists ( [7] , Theorem 1.10). In the case that X is projective and L is ample the (semi-)stable points can be identified by the Hilbert-Mumford criterion ( [7] , Theorem 2.1): Let λ : * → G be a one-parameter subgroup and x ∈ X a point. The limit point x ∞ := lim t→∞ λ(t) · x is a fixed point for the * action. The action on the fiber L x∞ is of the form t · l = t γ l for some γ ∈ . If one defines µ ρ (λ, x) := −γ, then x is (semi-)stable if and only if any non-trivial one-parameter subgroup λ : * → G satisfies µ ρ (λ, x)(≥)0.
Suppose X = È(V ) and the action is given by a representation ρ :
The set of states of ρ is the finite set
With this definition one finds for λ ∈ X * (T )
We now consider the real vector spaces X * Ê (T ) := X * (T ) ⊗ Ê and X * Ê (T ) := X * (T ) ⊗ Ê.
With a one-parameter subgroup λ of G we associate the parabolic subgroup
Fix a Borel subgroup B containing T and consider the closure of the Weyl chamber
and the convex rational polyhedral cone C Ê ⊂ X * Ê (T ) generated by C. Two characters χ, χ ′ ∈ X * (T ) define the wall
For any finite set of characters S the walls W χ,χ ′ , χ, χ ′ ∈ S, determine a decomposition of C into finitely many locally closed, rational, polyhedral cones C i , i ∈ I(S). The function
is then linear on C i , i ∈ I(S). For any i ∈ I(S) and any edge of C i there is a unique primitive integral generator and we let Γ(S) denote the set of all of these generators. The observations imply the following Lemma.
Lemma 2.1. For a point x ∈ È(V ) the following conditions are equivalent:
The point x is (semi-)stable.
(ii) For all g ∈ G and all λ ∈ Γ(St T (ρ)) we have µ ρ (λ, g · x)(≥)0.
There is an embedding i : G → GL(r) for some r. Let D r denote the maximal torus of diagonal matrices in GL(r). Without loss of generality we may assume i(T ) ⊂ D r . The isomorphism X * (D r ) ∼ = r and the standard pairing on r induce a Weyl-invariant scalar product (−, −) T on X * Ê (T ). We denote by − T the corresponding norm on X * Ê (T ). If T ′ is another torus and λ ∈ X * Ê (T ′ ), then there is g ∈ G with gT ′ g −1 = T and we set λ := gλg −1 T . By Lemma 2.8 in Chapter 2 of [7] this is independent of the choice of g.
For later application we note:
The induced function ν x on X * Ê (T ) has at most one negative minimum.
The main purpose of the function ν x is the definition of the instability one-parameter subgroup. 
] is the limit point of x. We denote the
The group H := Q G (λ 0 )/R u (Q G (λ 0 )) acts on the space V i 0 /V i 0 −1 . Let T be a maximal torus with λ 0 ∈ X * (T ). There is a unique real character χ 0 ∈ X * Ê (H), such that χ 0 , λ = (λ 0 , λ) T for all λ ∈ X * Ê (T ). This definition is in fact independent of the choice of T . We set k := λ 0 Proposition 2.5 (Ramanan-Ramanathan, [10, Proposition 1.12]). Let x ∈ È(V ) be an unstable point. Then, the limit pointx ∞ ∈ È(V i 0 /V i 0 −1 ) is semistable with respect to the
2.2. Stability in the Product Space. Let G be an affine reductive group and ρ : G → GL(V ) and σ : G → GL(W ) two representations. The aim of this section is to study the stability of a point in the product È(V ) × È(W). Definition 2.6. A point (x, y) ∈ È(V ) × È(W) is called asymptotically (semi-)stable if for any one-parameter subgroup λ of G there is a constant M > 0 such that for all m ≥ M we have
Remark 2.7. A point (x, y) is asymptotically (semi-)stable if and only if every one-parameter subgroup λ of G satisfies
We first note that one can always twist the linearization so that ordinary stability becomes equivalent to asymptotic stability:
For later purposes we need the following result on instability one-parameter subgroups.
Proposition 2.9 (Schmitt). Let G be an affine reductive group and ρ : G → GL(V ) and σ : G → GL(W ) two representations. Then there is an n 0 ∈ AE such that for all n ≥ n 0 and every point (x, y) ∈ È(V ) × È(W) which is unstable with respect to the linearization in
, but for which y is semistable, every instability one-parameter subgroup
This is Theorem 2.1.10 in [13] . We present a slightly simplified version of the proof.
Proof. As before the set of states St T (ρ ⊗ σ) determines a finite set I and a decomposition of
Without loss of generality we may assume the K i to be pointed. For each i ∈ I we choose a hyperplane H i such that K i is the cone over the polytope
be the convex hull of the vertices of P i not contained in P i (χ σ ). Then for every l ∈ P I there exist
For another character χ we define
Because of χ σ , l 1 = 0 for l 1 ∈ P i (χ σ ) and χ σ , l 2 < 0 for l 2 ∈ Q i (χ σ ) we find
Since P i (χ σ ) and Q i (χ σ ) are compact, there is an ǫ(i, χ σ ) > 0 such that
be the set of states χ ρ such that there exists l ∈ P i (χ σ ) with χ ρ , l > 0. We define
Now we choose n > n 0 := max{n 1 , n 2 } with
and let λ 0 be an instability one-parameter subgroup. Then, there is an element g ∈ G such that λ ′ := gλg −1 lies in K. We consider the points x ′ := ρ(g, x) and y ′ := σ(g, y). Let j ∈ I be an index with λ ′ ∈ K j and set
for all integral primitive generators λ of K j . This contradicts the instability of (x, y).
(iii) Suppose that F is a non-trivial proper face of K j , i.e. χ 2 ∈ S σ (j). There has to be at least one primitive generator λ of an edge of F with µ ρ (λ, x) < 0 because (x, y) is unstable. This shows χ 1 ∈ S ρ (j, χ 2 ). Then, for all l 1 ∈ P j (χ 2 ), l 2 ∈ Q j (χ 2 ) and 0 ≤ t ≤ ǫ(j, χ 2 ) our choice of n implies
is strictly increasing and the function ν ρ + nν σ must attain a negative minimum at a point l 0 ∈ P j (χ 2 ). By Lemma 2.2 this is the global minimum. Because λ 0 was assumed to be the instability one-parameter subgroup λ ′ is a multiple of l 0 . Hence, λ ′ lies in F so that
2.3. Decorated Swamps. We recall the definition of a (semi-)stable decorated swamp from [1] , Section 3: Let X be a smooth projective curve of genus g and fix two homogeneous representations ρ : GL(r) → V 1 and σ : GL(r) → V 2 .
Definition 2.10. A decorated swamp is a tuple (E, L, ϕ, s) where E is a vector bundle E of rank r, L is a line bundle on X, ϕ : E ρ → L is a non-trivial homomorphism and s is a point in
). In the following we will fix integers d and l and only consider decorated swamps of type (d, l).
Let (E, L, ϕ, s) be a decorated swamp. Recall that a weighted flag of a vector bundle E is a flag E • of E together with weights α i ∈ É >0 , 1 ≤ i ≤ l(E • ). We define the function
and (E •,σ , α σ ) of the associated bundles E ρ and E σ . We restrict these to the generic point η of X and the point x 0 respectively. Using the notation of [1, §2.1] we set
Here, [ϕ] ∈ È(E ρ|η ) and [s] ∈ È(E σ|{x 0 } ) are the points defined by ϕ and s.
Definition 2.11. Let δ 1 , δ 2 be positive rational numbers. We call a decorated swamp (E, L, ϕ, s) (δ 1 , δ 2 )-(semi-)stable if the condition
holds for all weighted flags (E • , α) of E.
Parabolic Higgs Bundles as Decorated Swamps
In this section, we define δ 1 -(semi-)stable parabolic Higgs bundles and construct their moduli space. Let us fix an integer d, a line bundle L on X, a sequence 0 < r 1 < . . . < r k < r of natural numbers and positive rational numbers β 1 , . . . , β k with k i=1 β i < 1. 3.1. Parabolic Hitchin Pairs. A parabolic Higgs bundle is a vector bundle E of rank r and degree d together with a twisted endomorphism ϕ : E → E ⊗L and a flag V • of type r in E |{x 0 } which is ϕ-invariant, i.e.
In order to obtain a projective moduli space we enlarge the category by allowing "infinite" endomorphisms (compare [11] or Section 2.3.6 in [14]). 
A family of parabolic Hitchin pairs parameterized by a scheme S is a tuple
where • E S is a vector bundle of rank r on S × X, such that for every point s ∈ S the bundle E S|{s}×X is of degree d,
• N S is a line bundle on S,
Two such families F and F ′ over S are isomorphic if there are a line bundle T on S, an isomorphism f :
) ∨ and trivially on . Let (E S , N S , ϕ S , ǫ S , V S• ) be a parameterized family of parabolic Hitchin pairs. Using the evaluation map tr : E ∨ S ⊗ E S → O X we defineφ as the compositioñ
. The homomorphism ǫ S and ι 2 give a homomorphism
Combined, these define a non-trivial homomorphism
The flag variety Fl( r , r) of flags of type r in r can be embedded in the product of k Grassmannians. Using the Plücker embeddings and the Segre embedding, we get an embedding in È(V 2 ) with
Here, z is the least common denominator of β 1 , . . . , β k . Let σ be the natural action of GL(r) on V 2 . Then, there is an embedding of the flag variety Fl(E S , r) in È(E Sσ ), and the flag V S• of E S|S×{x 0 } determines a section f : S → È(E S,σ|S×{x 0 } ). Let
be the induced surjective homomorphism. Then,
is a family of decorated swamps of type (d, l).
Remark 3.2. The map Ψ is compatible with isomorphisms and thus induces a natural transformation from the moduli functor of parabolic Hitchin pairs to the moduli functor of decorated swamps. As we will see in Proposition 3.5 it is in fact injective.
Via Ψ the category of parabolic Hitchin pairs inherits the notion of stability and Sequivalence from the category of decorated swamps. Set δ 2 := 1/z. Definition 3.3. We call a parabolic Hitchin pair δ 1 -(semi-)stable if its associated decorated swamp is (δ 1 , δ 2 )-(semi-)stable. We call two parabolic Hitchin pairs S-equivalent if their associated decorated swamps are S-equivalent.
3.3. Parabolic Hitchin Quotients. By Proposition 4.1 in [1] the class of vector bundles E, such that a δ 1 -semistable parabolic Hitchin pair with E as the underlying vector bundle exists, is bounded. Hence, there is a number n 0 such that for all n ≥ n 0 and every (δ 1 , δ 2 )-semistable parabolic Hitchin pair (E, ϕ, ǫ, V • ) the bundle E(n) is globally generated and H 1 (E(n)) vanishes. We fix a complex vector space Y of dimension p(n) := d+r(n+1−g).
Definition 3.4.
A family of parabolic Hitchin quotients parameterized by a scheme S is a tuple (q S , N S , ϕ S , ǫ S , V S• ), where q S : Y ⊗ pr * X O X (−n) → E S is a vector bundle quotient on S × X, such that (E S , N S , ϕ S , ǫ S , V S• ) is a family of parabolic Hitchin pairs on S × X and
The map Ψ also associates a family of decorated quotient swamps (see Definition 4.2 in [1] ) with a family of parabolic Hitchin quotients. This construction induces a natural transformation between the two moduli functors. If the moduli space of parabolic Hitchin quotients exists, this natural transformation defines a morphism to the fine moduli space of decorated quotient swamps QSw constructed in Proposition 4.3 in [1] . The following proposition shows that the moduli space does exist and that this morphism is a closed immersion. The proof consists mainly in constructing in inverse to Ψ on an appropriate set.
Proof. Let Jac l be the Jacobian of line bundles of degree l on X and choose a Poincaré bundle L. Recall that QSw was constructed as a projective scheme over Jac l . Let P 1 be the fiber of QSw over the point corresponding to the line bundle O X (l). On QSw we have the universal family (q,κ,Ñ ,M ,ψ,s) of decorated quotient swamps. Consider the homomorphism
and let P 2 ⊂ P 1 be the closed subscheme such that ψ 1 is trivial on P 2 × X (see Proposition 2.3.5.1 in [14]). On P 2 × X we have the homomorphism
Using the homomorphism 1 : O QSw ×X →Ẽ ⊗Ẽ ∨ we construct
Similarly, we consider the homomorphism
and let P 3 ⊂ P 2 be the closed subscheme such that ψ 2 is trivial on P 3 × X. On P 3 × X we now have the homomorphismǫ : O P 3 ×X → pr * P 3Ñ
. We define ǫ := pr P 3 * ǫ : O P 3 →Ñ .
Finally, let P 4 ⊂ P 3 be the closed subscheme such thats defines a flag V • ofẼ |P 4 ×{x 0 } . Consider the homomorphisms induced by ϕ
and let QHP ⊂ P 4 be the closed subscheme where these homomorphisms are trivial. Then, the family (q,Ñ , ϕ, ǫ, V • ) on QHP is a family of parabolic Hitchin quotients. It follows from the construction that it is in fact a universal family. 
Remark 3.6. The representation V 2 is polynomial and homogeneous of degree
In general, to be able to apply the results of [1] , we need to assume a 2 δ 2 < 1. However, as explained in Remark 7.1 in [1] , in the case of parabolic bundles we can weaken the condition to k i=1 δ 2 zβ i < 1, which we assumed in the beginning of this section. Proof. This follows immediately from the corresponding properties of QSw with respect to families of (δ 1 , δ 2 )-semistable decorated swamps (see Section 6.1 in [1] ).
The existence of the good quotient of QSw (δ 1 ,δ 2 )-(s)s (proof of Theorem 3.9 in [1] ) implies the existence of the good quotient of QHP δ 1 -(s)s . The general theory of GIT and moduli spaces (as explained, e.g., in Section 2.2 of [1] ) yields the following result: Theorem 3.8. The coarse moduli space HP δ 1 -(s)s of δ 1 -(semi-)stable Hitchin pairs exists as a closed subscheme of the coarse (projective) moduli space of (δ 1 , δ 2 )-(semi-)stable decorated swamps.
Remark 3.9.
(i) Due to the non-linearity of the stability condition, it is difficult to describe the polystable representative of the S-equivalence class of a given semistable parabolic Hitchin pair explicitly.
(ii) In general, the moduli space HP δ 1 -(s)s does not contain the usual moduli space of parabolic Higgs bundles. In fact, our stability condition depends on the parameter δ 1 while the usual stability condition used in [5, 16] has no parameter dependence. This is not surprising, as the stability condition of (non-parabolic) Hitchin pairs was recovered as the asymptotic stability of swamps in Section 3.6 of [12].
Asymptotic Stability of Decorated Swamps
In this section we introduce the notion of asymptotic stability for decorated swamps and show that for large enough parameter δ 1 this notion coincides with the stability condition given in Definition 2.11. Definition 4.1. We call a decorated swamp (E, L, ϕ, s) asymptotically δ 2 -(semi-)stable if for any weighted flag (E • , α) there is a number c 1 ∈ É >0 such that for all δ 1 ≥ c 1 the condition
The proof uses ideas from the proof of Theorem 2.5.5.2 in [14] .
Proof. For arbitrary δ 1 , Condition (ii) in Remark 4.2 follows from (δ 1 , δ 2 )-(semi-)stability. Suppose (E, L, ϕ, s) is a (δ 1 , δ 2 )-semistable decorated swamp such that Condition (i) is not satisfied. Let K denote the function field of X and η the generic point of X. We also define := E η and ρ := E ρ,η . The assumption means that x := [ϕ η ] ∈ È( ρ ) is unstable. Let Λ : K * → SL( ρ ) be an instability one-parameter subgroup from Proposition 2.3 and ( • , α) its associated weighted flag. The flag • determines a morphism from η to the flag variety Fl(E, r), where r is the type of • . Since X is smooth and projective there is a unique extension X → Fl(E, r), which determines a flag E • of E. By construction this flag satisfies
for some effective divisor D on X. By construction the composition π • f 0 is defined at the generic point and hence extends to a morphism f : X → Z. There is an m ∈ AE >0 such that O È(V i 0 ,1 /V i 0 −1,1 ) (k) ⊗m descends to an ample line bundle M on Z. We find
for another effective divisor D ′ . Here E µ 0 χ λ is the line bundle associated to E by the character
Since the set of states is finite and two instability one-parameter subgroups of x are conjugate by Proposition 2.3, (iii), there are only finitely many conjugacy classes of possible instability one-parameter subgroups. Hence, one can find constants C and C 2 with
The (δ 1 , δ 2 )-semistability now implies
Thus for
Before we can prove the converse statement, we need to establish boundedness of asymptotically δ 2 -semistable decorated swamps.
Proposition 4.4.
There is a constant C such that an asymptotically δ 2 -semistable decorated swamp (E, L, ϕ, s) of type (d, l) satisfies
Proof. Let F ⊂ E be a subbundle. The quotient E → E/F and ϕ determine a morphism
By Proposition 2.9 there is an n(r ′ ) such that for n ≥ n(r ′ ) and a point (x, y) ∈ È( r−r ′ ) × È( ρ ) which is unstable with respect to O È(
(1, n), but where y is semistable, any instability one-parameter subgroup λ 0 for (x, y) satisfies µ(λ 0 , y) = 0. We now choose
If f is generically stable we find
If f is not generically stable, there is an instability one-parameter subgroup λ of SL( ) inducing a weighted flag (E • , α), such that
By our choice of n we have µ 1 (E • , α, ϕ) = 0. Condition (ii) of Remark 4.2 therefore gives
There is a constant C ′ such that C ′ ≥ µ 2 (E • , α, s) for all instability one-parameter subgroups. This implies
From this one easily deduces the claim.
We can now prove the central result of this article.
Theorem 4.5. For fixed δ 2 ∈ É >0 there is constant ∆ ∈ É >0 such that for all δ 1 > ∆ a decorated swamp of type (d, l) is (δ 1 , δ 2 )-(semi-)stable if and only if it is asymptotically δ 2 -(semi-)stable.
Proof. Let (E, L, ϕ, s) be an asymptotically δ 2 -(semi-)stable decorated swamp. Note that by Lemma 2.1 there is a finite set T of types of weighted flags for which semistability has to be checked. We define
Further we let m ∈ AE be a number such that mrα j is an integer for all (r, α) ∈ T , 1 ≤ j ≤ l(α).
By Proposition 4.4 there is a constant C with µ max (E) ≤ µ(E) + C. We define The maximal slope is therefore bounded by µ max (E) ≤ µ(E) + (a 1 ∆ + a 2 δ 2 ) r − 1 r .
By the usual arguments, the upper bound on the maximal slope implies boundedness.
Stable Parabolic Higgs Bundles as Asymptotically Stable Decorated Swamps
We come back to the setting of Section 3. In particular, recall that β 1 , . . . , β k are positive rational numbers, z is their least common denominator and δ 2 = 1/z. Definition 5.1. We call a parabolic Hitchin pair (semi-)stable if its associated decorated swamp is asymptotically δ 2 -(semi-)stable.
As consequence of Theorem 3.8 and Theorem 4.5 one obtains:
Corollary 5.2. The (projective) moduli space of (semi-)stable Hitchin pairs exists as a closed subscheme of the (projective) moduli space of asymptotically δ 2 -(semi-)stable decorated swamps.
It remains to compare our notion of stability with the usual one. 
